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Abstract: In the paper a new method for synthesis of large families of signals with low auto- and cross-
correlation is presented. It is based on the known method for generation of Gold sets but is not related to a
certain value of the decimation coefficient d. As a result it allows generating of families, consisting of p-ary M —
sequences, for arbitrary values of p and the degree of their characteristic equation.
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1. Introduction

Sequences with low periodic
correlation (LPC) find many
applications in radars and wireless
communications for synchronization
and for providing the simultaneous
work of multiple users with low

mutual interference. With regard
methods for synthesis of families of
signals with LPC have been

researched from many authors for
the last several decades [1] — [19].

In this paper a new method for
creating of large sequence sets with
LPC is presented. It is based on the
known method for generation of the
so-named Gold sets [1], [19], but is
more general. The main advantage
of the method is that it is not related
to a certain value of the decimation
coefficient d. Therefore it is
applicable for all p-ary M-
sequences independently of the sen
values of p and the degree n of their
characteristic equation.

The paper is organized as follows.
First, the basics of the synthesis of the
M-sequences are recalled in Section 2.
After that in Section 3, a new general
method for synthesis of phase
manipulated (PM) signals, possessing
both low level of the lobes of the
periodic auto- and cross-correlation is
suggested. Conclusions of the paper
are summarized in Section 4.

2. Basics of the synthesis of the
M-sequences

The linear recurring sequences
(LRS) find wide implementation in
many fields, especially for information
protection and in communications [1],
[2], [3], [11], [18], [19]. Due to this
reason they have been extensively
studied since 50" years of the 20"
century.

LRSs are created by means of a
linear recursive equation (LRE), which
can be expressed as [19], [20]:
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u(i) =an_gu(i-1)+a,_pu(i-2)+...+

1)

+agu(i-n)

where:
- u(i) is the new i-th element of

the LRS;

- u(i-1,u(i—-2),...,u(i—n) are
elements of the considered LRS,
obtained during the previous steps of
the LRE (1) (the initial elements
u(0),u(),...,u(n-1) should be
known);

= An_1,An—2,-+ ap are
coefficients, belonging to a finite
algebraic field (named Galois Field
(GF)) and all algebraic operations in
(1) are performed in GF(p™) (i.e.
modulo p, where p can be an
arbitrary prime integer).

After the substitution
u@=x', i=012,..., (1) is
transformed into the so-named
characteristic equation (noted often
as the connection polynomial of the
linear feedback shift registers
(LFSRs), which are the hardware,
realizing the LRE (1)):

(2) Xn —dn_l.Xn_l —dn_z.Xn_2 —
—..—dp=0

If the left side of the
characteristic equation is a primitive
irreducible polynomial over GF(p™),
then the period of the LRS is

maximal, namely N=(p™)" -1 and
it is called maximal length sequence
(M — sequence) [19], [20].

In  communications the M-
sequences are used for controlling

the phase modulation of the PM
signals. Due to the symmetric
connection the derivative PM signals
are named M-sequences also. The main
advantage of these signals is that their
periodic  autocorrelation  function
(PACF) is almost perfect, because the
level of the side-lobes is constant and
equal to -1 [19], i.e.:

N-1 _
P = ZEM&(i+r)=

_[Nr=o,

_{—l, r 0.

In (3) Py (r) is the PACF of the

(3)

M-sequence {¢ ()} o, r is the time

shift, the symbol «{ )
“summing modulo p”, and symbol
— “complex conjugation”.

The complex envelopes of the
elementary phase impulses (chips) of
the PM signal are described with the
following equation (or coding rule):

means

(3332

(4) g(i):exp{jzzmu(i)} j=+-1,

1<m<p-1i=0L2,...,.N-1,...
Here u(i) are the elements of the

M-sequence, controlling the phase
modulation [18], [19].

Another important advantage of
the PM signals, which are M-
sequences, is that their length can be
arbitrary long even though the size of
the signal alphabet is small. This
feature is essential if longer sequences
are required.
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3. Method for synthesis of
large families of signals with low
correlation

Key feature of the methods for
synthesis of signals for the present
communication systems is the
possibility for synthesis of families
(sets) of signals, possessing both
periodic auto- and cross-correlation
functions with small level of the
side-lobes. These conditions can be
mathematically described as follows.
Let @ (K, N, C) be a set of K signals
with period N and with maximal
level C of the auto- and cross-
correlation lobes:

(5) C<nJ/N

Here #n is a coefficient with
relatively low value. In this case
® (K,N,C) is named family of
signals with low periodic correlation
(LPC) [19], [20], [21].

The known methods for
generation of M - sequences with
low cross-correlation are based on
the principle of the permutation of a
M-sequence or the so — named
decimation [1]-[19]. Let we have a
sequence {£(i)HY ot with ideal PACF,
similar to a delta pulse. Then the
derivative  signals  {g ()N gL,

obtained by the rule:

©) «_fk ()= &(dk i) og N ]
i=0,1,2,..,N-1...

have also ideal PACF [1] - [19].
Here the decimation -coefficients
dy.k=12,..,N; are the all possible

positive integers smaller than N and
co-prime to N, and the symbol
(dii)poqy  means  “multiplication

modulo p”.

In the sequel we shall suggest a
new method for synthesis of families
of signals with LPC. It is a
generalization of the so-named Gold
method [1], [19], which can be

described as follows. For 0<1<2"-1
and n an arbitrary odd integer, let

5 ={s1(i)}%52 be a binary sequence,
whose elements are evaluated by the
rule:

51()=Tr(a o' + ),

i=01,..2"-2.

(7)

Then s is called a Gold-pair

sequence [19]. Here « is an arbitrary
primitive element of GF(2"), d,

d=2K+1 ged(k,n) =1, k<(n-1)/2 is
an integer co-prime with N =2" -1 and
Tr(a'a' +a%) denotes the trace
function of the elements o'.a' +aY

of GF(2") to GF(2). In this situation,
the set, given by [19]:

©)  S(d)={s ‘o <l1<2M,

is said to be a Gold-pair (signal) set.

L R"-2
Note, that a:szn_lz{rr(a')}izo and

CRrN-2
b:%nzﬁmamﬁzo, are M-
sequences [19] and, consequently, they
possess an almost ideal PACF,

according to (3). Besides, it is easy to
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see that the set (family) (8) is
generated by the pair-wise summing
modulo 2 of the sequences a and b:

@ s =La+b, 0<I<N-1,

Here L'a means “right rotation
of the sequence a at | steps”.

It is proven [1], [19] that the
signal set (8) is a family @ (K, N, C)
of signals with LPC with parameters:

K=2"+1=N+1 N=2"-1

(10)
C:2(n+1)/2+1

With regard to the described
Gold method, since 1968 many
authors (for example Kasami,
Welch, No, Kumar, Niho, Helleseth,
Miiller) have proposed different
values of the decimation coefficients
d that can be used in the construction
(7) 21, [4], [5], [6], [7] [8], [10],
[11], [13], [14], [15], [16], [17], [19].
It should be pointed out that despite
of the all efforts there is no any
general method, applicable for all
values of n and p.

With regard below we shall
prove a different approach for
finding of decimation coefficients d
for M-sequences over an arbitrary
finite field GF(p) so that the
requirement (5) to be satisfied. The
new method consists of the
following steps.

1) For given p and n with a
computer program all possible
values of the decimation coefficients

d  gedd,N=p"-1D=1  are
calculated. Note that these

decimation coefficients d, applied in
(6), transform every M-sequence over
GF(p) with a characteristic equation of
degree n in a M-sequence of the same
type [19], [20]. In this way an initial
family (set) of M-sequences is
obtained.

2) With the above computer
program the initial set is filtered in
order to retain only these pairs of M-
sequences which periodic  cross-
correlation function (PCCF) satisfies
the restriction (5).

3) The M-sequences from the all
selected pairs are used in the Gold
construction (7), which provides a
large number of different families of
signals with LPC.

The correctness of the proposed
method is a consequence of the
following facts. First of all, let a be an
arbitrary M-sequence over GF(p) with
characteristic equation of degree n. As
known, it can be presented in the form
[19]:

(11) a= {fr(;/ai)}iN:Bl, N=p"-1,

where o is a primitive element of
GF(p"), y=a" for some u, 0<u<N
and Tr(z) is the so-named trace

function, which maps the elements of
GF(p") to GF(p) [19], [20]:

(12) Tr(z)= LA

According to the above method,
let b be another M-sequence, obtained
by a decimation of a, so that the
maximal absolute level C of the lobes
of PCCF of the sequences a and b does
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not exceed the restriction (5).
Consequently, a and b form a family
V (K,N, C) of signals with LPC,
which parameters are:
(13) K=2, N=p"-1 C=nJN.
(Note that a and b are M-sequences
and as a result the maximal level of
the side-lobes of theirs PACF do not
exceed -1).

It should be pointed out that b
can be presented in the form [19]:

(14) b={rr(@p)g. N=p"-1,

where g=a9, ged(d,N) =1 is also a

primitive element of GF(p"), 5 = 8"
for somev, 0<v<N.

Now, let this initial family be
enlarged by the all sequences,
generated by the rule (9). We shall
show that the maximal absolute level
of the lobes of the PACFs and
PCCFs of the new family, consisting

of K=p"+1=N+2 sequences,
satisfy (5).

In order to prove the above
proposition it is necessary to
consider the following cases.

Casel. The PACFs of the
sequences a and b and their PCCF
satisfy (5) due to the peculiarities of
the initial family V (K, N, C).

Case 2. Let a):exp(joﬂm),

1<m< p-1 be an arbitrary p-th root

of unity. Then the PCCF of an
arbitrary pair sj,sg, 0<lI<k<N-1
IS:

Ps,s, (1) =

_ Nz_ a)Tr(}/alai+5ﬂi) %
i=0

(15) Xa)Tr(}/akoci+r+§,3i+r)}:

k+r)a|]

N—
_ a)Tr[y/(aI -a %
i=0

y a,Tr[é(l—ﬂr)ﬂi)} _
= Pap(U-v')

u' | K+r
=a —« ,

Here a
BV =1-4" and u’ and v’ show the
steps of the right rotations of a and b
respectively.

Now it should be seen that the

PCCF (Pyp(u—Vv")) of the M-sequences

a and b satisfy (5), according to their
choice. Besides, if r=0modN then

(16) Pys, (0)=Paa(l—K)=-1.

Case 3. The PACF of an arbitrary
sequence s, O<I<N-1 can be

evaluated from (15) after the
substitution | =k . The result is

Py (u'—Vv'), r=0;
A7) Py (r)={ PN oo

Here o =d'1-a"),

ﬂV' :l_ﬂr .
Case 4. The PCCF of an arbitrary
pair sj,a, 0<I<N-1is:

PpU'-Vv'), r=0;

(19 Ps.a<r>={ L
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Here oV =o' —a', ,BVI =—p".
In (18) it is accounted that if r=0,

N-1 i
then Pya(0)= 3 ' "@") and the
i=0

 IN-1
sequence {F r(5ﬁl)}i:o contains
p" L times the elements 1,2,...,p—1

and p" -1 times the element O
[19], [20].

Case5. The PCCF of an
arbitrary pair s;,b, 0<I<N-1is:

PpU'—Vv'), r=0;

19) Pyp(r)=1 2

(19) Pyp(r) { Lo
Here o' =a!, Y =" -1. In

(19) it is accounted that if r=0, then

N-1 i
Pp©@=3 o0%)  and  the
i=0

iy IN-1 . n-1
sequence \Ir(ya’)f—o contains p
times the elements 1,2,...,p—1 and

p" L 1 times the element 0.

This finishes the all
variants.

The new method for synthesis of
families of signals with LPC will be
illustrated by the following examples.

Example 1: Let we consider a M-
sequence over GF(2°) with length

N =2° —1=231. The results of a survey
of the all possible decimation
coefficients d and the maximal
absolute level of the PCCFs of the
initial M-sequence and the decimated
M-sequences, are shown in table 1.

possible

Table 1: A Survey of the maximal values of the cross-correlation functions of the initial
and the decimated M-sequences with length N = 31

d 2 3 4 5 6 7 8

9 10 | 11 | 12 | 13 | 14 | 15 | 16

cC | 31 9 31 9 9 9 31

9 9 9 9 9 9 11 | 31

d | 17 18 199 | 20 | 21 | 22

24 | 25 | 26 | 27 | 28 | 29 | 30

C 9 9 9 9 9 9

9 9 9 11 9 11 | 11

In table 2, a comparison of the
known at present methods for
synthesis of families of signals with
low LPC is presented for the M-
sequences over GF(2°) with length

N =2°-1=31, [2], [4], [5], [6], [7],
[8], [10], [11], [13], [14], [15], [16],
[17], [19].
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Table 2: Comparison of the known methods for synthesis of families of signals with low

LPC for N =31
Gold Kasami Niho

decimation decimation Welch decimation Decimations. according to the

d=2+1, d=2%-2%+1, | decimation | d=2%+2%-1, ' ethod 9

k<(n-1)2 | k<(nly2 | d=20D243 | k=(n-1)/4 or new metho
(3n-1)/4
3,5,6,7,9, 10, 11, 12, 13, 14,
C=9 5 13 7 5 17,18, 19, 20, 21, 22, 24, 25,
26, 28
Cc=11 - - - - 15, 23, 27, 29, 30

Example 2: Let we consider a
ternary (i.e. p=3) M - sequence

with length N =33-1=26. The
results of a survey of the all possible

decimation coefficients d and the
corresponding  M-sequences, are
shown in table 3.

Table 3 A Survey of the maximal absolute values of the cross-correlation functions of
the initial and the decimated M-sequences with length N = 26

d 3 5 7

11 15 17 19 21 23 25

C 26 10 10 | 26

10 10 10 10 10 10 10

As can be seen the decimation
coefficients 5, 7, 11, 15, 17, 19, 21,
23 and 25 can be used in order to
generate families of signals with
maximal absolute level C =10 of the
lobes of the PCCFs.

4. Conclusion

In the paper a general method for
synthesis of families of signals with
low periodic correlation is suggested.
It is more general by the known at
present methods and as a result it is
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